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ABSTRACT:
Broadband data acquired during the Modal Mapping Experiment (MOMAX) V experiment are used to invert
simultaneously for the three-dimensional (3D) water column sound speed profiles and the compressional wave speed
and density profiles of the seabed in shallow waters off the coast of New Jersey. Linear Frequency Modulation sweep
signals in the band 50–300 Hz are transmitted from a nearly stationary source at several discrete positions to a set of
freely drifting receivers. Mode travel times are estimated from the signals acquired by the drifting buoys, and these
are then used as input data in an inversion algorithm that estimates the acoustic properties of the water column and
sediments. The resulting 3D compressional wave speed profiles in the seabed are generally consistent with the one-
dimensional profile obtained during the narrowband component of MOMAX V, as well as the results from other
experiments in the same area. The validity of the inversion results has also been assessed by the ability of the
inverted model to predict the fields measured during the narrowband experiments.
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I. INTRODUCTION
The sediment acoustic properties in shallow water can
be estimated using inversion methods that use modal data,
such as modal eigenvalues or mode travel times, as input
data. These methods have been demonstrated using data
obtained in field experiments.1,2 Specifically, the Modal
Mapping Experiments, termed MOMAX, generally use a
distribution of freely drifting buoys, each with a hydrophone
and Global Positioning System (GPS) receiver, to receive
low-frequency tones transmitted by a moving source.
Analysis of these data provides estimates of modal eigenval-
ues from which the geoacoustic properties of the sediment
can be determined. The MOMAX V experiment,3 conducted
in March 2011, had a broadband component as well. In this
part of the experiment, the ship moved to discrete locations
from which it broadcast broadband signals. The ship was
nearly stationary during the transition of the broadband sig-
nals. These transmissions were received on a set of freely
floating buoys. This configuration closely mimicked the
operational scenario where sonobuoy receivers are deployed
in a widely dispersed area in an Anti-submarine Warfare
(ASW) operation, along with a sonobuoy that carries a
source. The analysis presented in this paper demonstrates
the possibility of rapid estimation of geoacoustic properties
in shallow water using data collected in such routine naval
sorties.
In a previously published paper,4 the broadband data
collected during this experiment were used to determine the
variability in the sound speed profile of the water column
with respect to space and time. The sediment compressional
wave speed properties from previous inversions were used
as known input data in performing the analysis. More
detailed knowledge was not necessary as only the lower
order modes from higher frequencies with limited bottom
penetration were used in the analysis. In contrast, we present
results of the analysis of the broadband data to estimate
simultaneously the three-dimensional (3D) water column
and sediment compressional wave speed and density profiles
for the entire region. The data used in the analysis are the
mode travel times in the frequency band of 50–110 Hz.
A number of papers have been published where the mode
dispersion data are used to estimate the sediment parame-
ters.2,5–7 Different methodologies have been employed for esti-
mating the sediment parameters from experimentally
determined mode dispersion data. They vary from a linearized
inverse procedure based on perturbation theory to full nonlin-
ear inversion based on Bayesian theory. In the analysis pre-
sented in this paper, we use a linearized inversion procedure to
estimate the water column and sediment properties.
The paper is organized as follows. In Sec. II, we pro-
vide a brief description of the inversion methodology and
the experiment together with details of the data analysis. A
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discussion of the results is presented in Sec. III. Section IV
summarizes the results of the analysis.
II. INVERSION APPROACH, EXPERIMENT
DESCRIPTION, AND DATA ANALYSIS
A. Inversion methodology
Consider a range-independent ocean model whose com-
pressional wave speed and density are represented by
cbðzÞ and qbðzÞ, respectively. For this model, kn and un are
the eigenvalue and mode function of the nth mode, respec-
tively, that satisfy the Helmholtz equation and boundary
conditions associated with the waveguide model. We now
perturb the compressional wave speed by a small quantity
DcðzÞ. This will result in a change in the group speeds of the
propagating modes. It has been shown that the change in
group speed of the nth mode, due to the perturbation of the












c3b zð Þqb zð Þ
jun z;xð Þj2 dz:
(1)
In the above equation, cn and ĉn represent the group speeds
of mode n for the perturbed and unperturbed ocean models,
respectively, x is the frequency of the acoustic source, and z
is the depth below the sea surface.
The mode travel time is the range from the source to the
receiver divided by the group speed of the mode in question,
such that the term on the left-hand side of Eq. (1) is related







where dtn is the perturbation in mode travel time, and r is
the range to the receiver.
By discretizing the waveguide environment in depth,









Gnq xð ÞDc zqð Þ: (3)
This sum can be reduced to a matrix equation of the form
d ¼ Gm, where d is a vector containing the perturbation in
modal travel times for different modes and at different fre-
quencies, G is a matrix whose elements are Gnq, represent-
ing the background model, and m is a vector that contains
Dc(z), the perturbations to the compressional wave speed
profile. The matrix equation is then inverted to determine
the quantity DcðzqÞ; q ¼ 1;…;Q:
A procedure to jointly estimate the compressional wave
speed and density profiles from modal eigenvalues has been
proposed.8 It is now modified to estimate both the compres-
sional wave speed and density profiles from mode dispersion
data. This procedure is also a linearized solution based on
perturbation theory. Consider a range-independent horizon-
tally stratified ocean model with iso-velocity and iso-density
layers. The compressional wave speed and density in the
mth layer are represented by cbm and qbm, respectively. For
this model, kbn and ubnðzÞ are the eigenvalue and mode
function of the nth mode, respectively. We now perturb the
compressional wave speed and density of the mth layer by
small quantities Dcm and Dqm: The resulting change in















Equation (4) can be extended to a case when changes occur
in all of the layers. By taking the derivate of Eq. (4) with
respect to frequency, the changes in eigenvalues, as pre-
sented in the left-hand side of Eq. (4), can be modified to




























n ¼ 1;…;N: (5)
In Eq. (5), cn and ĉn represent the group speeds of mode n for
the unperturbed and perturbed ocean models, respectively.
Equation (5) is then reduced to a matrix equation of the form









where the vector ½DP1   DP2MT represents the corrections to
the compressional wave speed and density of the M layers.





























; n ¼ 1;…;N: (7)
The matrix equation in Eq. (6) is generally ill-conditioned,
and special care should be taken to solve it. A means of reg-
ularization of the solution is required to obtain meaningful
solutions to the matrix equation.
In the case of a range-dependent environment, the
modal travel time perturbation for the nth mode caused by
changes in the compressional wave speed is given by2















For a given source/receiver geometry, we divide the total
range R between the source and receiver into P range-
independent segments. The water column and sediment
properties are a function of depth only in each range-
independent section. By discretizing the environment in
both range and depth, the double integral can be changed






Gnpqðx; sp; zqÞDcðsp; zqÞ: (9)
If cn;xðpÞ is the group velocity of mode n at frequency x in
section p for the perturbed ocean model, and ĉn;xðpÞ is the
group velocity of mode n at frequency x in section p for the













In a field experiment, the experimentally determined mode
travel time will be the first term on the right-hand side of
Eq. (10), and the second term is the sum of the mode travel
times along the different sections as they travel from source
to receiver, and these are determined by the background
model for each section.
As was done previously, considering the set of linear equa-
tions in Eq. (9) for all modes n and frequencies x, this double
sum can be reduced to a matrix equation that is solved to deter-
mine the quantity Dcðsp; zqÞ; p ¼ 1;…;P; q ¼ 1;…;Q;
where sp refers to the pth step in the range, and zq refers to the
qth step in the depth. Similar extension to deal with range-
dependent scenarios can also be made when jointly estimating
the compressional wave speed profile and density profile.
Equation (9) is then put in the form of a matrix equation
Gm ¼ d and solved for m, which represents the corrections to
the water column sound speed, the sediment compressional
wave speed, and the sediment density in each range interval.
In order to solve this range-dependent problem, a multi-
plicity of source/receiver combinations is necessary.2 By
using a multiplicity of sources and receivers, a set of signals
corresponding to each source/receiver combination is gener-
ated. Time-frequency analysis of the received signals gives
an estimate of the arrival times for each mode at different
frequencies along the paths of each source/receiver combi-
nation. These data are the input to the inversion algorithm.
The matrix equation to be solved is generally ill-
conditioned and requires some form of regularization to
obtain stable, meaningful solutions. Qualitative regulariza-
tion (QR)9,10 was chosen to solve the discrete inverse prob-
lem. QR is an extension of Tikhonov regularization,11 an
approach that places a constraint on derivatives of the
solution that ensures smoothness. QR allows for piecewise
smooth solutions and can incorporate a priori information to
represent layered media. When this constraint is included,
the solution is found by satisfying both the data and the con-
straint. In QR, the following equations must be satisfied:
Gm ¼ d;
Lq ¼ 0: (11)
The operator Lq is defined by








where L is a discrete version of the differential operator
dn=dzn, as used in Tikhonov regularization, and the set of
vectors qif gri¼1 is an orthogonal basis for the subspace Q
that contains all models that have discontinuities at the pre-
scribed locations. For n¼ 2, the differential operator results
in a piecewise smooth solution. The least square solution to
Eq. (11) is given by
m̂ ¼ GTGþ k2LTq Lq
 1
GTd; (13)
where m̂ is the solution, k is a Lagrange multiplier, and T
represents a transpose.
When inverting for water column sound speed, as well
as sediment properties, additional constraints are neces-
sary.12 These constraints prevent any changes at prescribed
locations while performing inversions. To obtain stable and
reliable estimates for the water column sound speed, the ini-
tial assumed values for the water column sound speed close
to the ocean surface and bottom are restricted and remain
unchanged by the inversion process. With this additional
constraint, known as the approximate equality constraint,
the solution is one that satisfies the data and the constraints
Gm ¼ d;
Lq ¼ 0;
Am ¼ a: (14)
The matrix A is a matrix that identifies the location where
the approximate equality constraint is applied, and a is a
vector of zeros. The least squares solution in this case is
m̂ ¼ GTGþ k1LTq Lq þ k2ATA
 1
GTd: (15)
The quantities k1 and k2 are Lagrange multipliers chosen to
achieve a stable solution.
In order to estimate the water column sound speed pro-
files, sediment compressional wave speed profiles, and den-
sity profiles, we assume that we have approximate estimates
of these profiles from archival data or some other source.
These estimates of the profiles are then used as the initial
background models for the inversion algorithm. The true
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water column sound speed and sediment compressional
wave speed profiles are assumed to be small perturbations to
these initial estimates of the profiles.
Taking the modal group speeds estimated from the data
and calculated for the background model, the perturbation
Dc(s,z) and Dqðs; zÞ are obtained by inverting Eq. (9). The
perturbation profile is added to the initial background model
to obtain the true model. In practice, the inversion is carried
out iteratively with the background model updated by Dc(s,z)
and Dqðs; zÞ after each inversion calculation. After several
iterations, the difference between group velocities estimated
from field data and the updated models approaches zero.
These updated models are taken as the result of the inversion
procedure.
The reliability of the inverse results is assessed by esti-
mating the covariance of the estimated model parameters.
To obtain the covariance of the model parameters, we fol-
low the procedure outlined in Ref. 13. The basic equation
for obtaining a solution of model parameters is of the form
m ¼ G1d: For an error Dd in the data, the error in the solu-
tion of model parameters will be Dm ¼ G1Dd: The vari-
ance of the model parameters Cm is then given by
hðDmDmTÞi ¼ G1hDdDdTi G1ð ÞT; (16)
Cm ¼ G1Cd G1ð Þ
T
: (17)
The data covariance is estimated from the data acquired by
the sonobuoys. In Eqs. (16) and (17), T represents the
transpose of the matrix. The diagonal of the model covari-
ance matrix provides an estimate of the variance of the
model parameters, and the square root of the variance gives
the standard deviation of the parameter. Note that the
inverse of G is not generally obtainable as this is, in most
cases, not a square matrix. Instead, m ¼ ðGTGÞ1GTd is
used.
Another factor in the evaluation of the results of the
inversion is the resolution of the estimates. The parameters
we are attempting to obtain by the inverse methods are
points on a continuous function, and therefore the parameter
space has infinite dimension. However, the data we have to
reconstruct the unknown function are available only on a
finite set. Thus, the model obtained by the inverse cannot
resolve all the features of the true model, and a smoothed
out version of the model is obtained.
The estimate of the model parameters is given by
mest ¼ G1d: Replacing the data vector by Gm, we have
mest ¼ G1Gm. If R ¼ G1G is an identity matrix, then the
estimate of the model parameters is the true value. If other-
wise, the estimate of the model parameters is an averaged
value. The averaging is based on the row vectors of the
matrix R. Another expression used for obtaining the averag-
ing matrix12 R is GTðGGTÞ1G. To quantify the resolution
we compute the resolution length, a measure of the range
over which averaging is done to obtain the estimate. One
approach to obtain the resolution length (rl) at each sedi-
ment layer depth (n) is to use the expression12






where R is a (MM) matrix and M represents the number of
layers. If the averaging matrix is an identity matrix, then the
resolution length will be dz, i.e., the discretization used in solv-
ing the inverse problem. Higher values of resolution length
indicate that the solution is averaged over a greater range.
B. Description of experiment
The complete details of MOMAX V are described in
Frisk et al.,3 which analyzed the narrowband data collected
during the experiment. The experiment included a broad-
band component in which the research vessel (R/V) Sharp
transmitted broadband signals from several discrete loca-
tions. At these locations, the ship was nearly stationary.
Three freely drifting MOMAX buoys, named Curly, Larry,
and Moe, were deployed before the start of the broadband
experiment. The locations of the ship and the buoys are
shown in Fig. 1. The ship had a J15 source suspended at a
nominal depth of 56 m. The signal transmitted was an
Linear Frequency Modulation sweep from 50 Hz to 300 Hz.
The duration of each ping was 0.5 s. The pings were
repeated every 3 s for a total duration of 3.5 min from each
ship location. The MOMAX buoys had two hydrophones at
nominal depths of 61 m and 64 m. It is, however, mentioned
that source and receiver depths are not required for the esti-
mation of mode arrival times, although the location of the
source and receiver will determine the modes that are
excited. Data from 21 consecutive transmissions from each
of the waypoints are summed up in order to improve the sig-
nal-to-noise ratio (SNR) and average out signal variations
due to movement of the ship during transmission of the sig-
nal. Time synchronization was achieved by recording the
transmitted signal on a hydrophone attached to the source
FIG. 1. The tracks of the ship and the buoys during the broadband experi-
ment. The stars represent waypoints (numbered 1–14) at which the ship was
nearly stationary.
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frame. There were 14 waypoints at which the ship was nearly
stationary, and broadband signals were transmitted. The sig-
nals received by Curly at one of its hydrophones were used in
the analysis. The signals received from transmissions at way-
points 1–10 were used in the analysis. Transmissions from
waypoints 11 to14 have low SNR due to large distances
between the source and receivers and, hence, were not
included in the analysis. Before processing the signal acquired
by the buoys for time-frequency analysis, it is necessary to
extract the impulse response of the channel in order to take out
the time-frequency variation of the transmitted signal during
the signal duration. This was done by performing frequency
domain deconvolution of the received signal.
The distances between the ship and the buoys were
obtained using the data from GPS units mounted on the ship
and the buoys. The bathymetry between the ship and the
buoys was obtained from archival data available for the
region. Based on differences in bathymetry, the region
between the ship and buoy locations is divided into five
regions, as shown in Fig. 2. The depths of the water column
in regions I, II, III, IV, and V have an average value of
74 m, 70 m, 69 m, 69 m, and 69 m, respectively. Data used in
the inversion are the mode travel times at frequencies
50–110 Hz in 10 Hz steps.
The signals for waypoints 1–10 are analyzed using the
warping method14 to estimate mode travel times. The warp-
ing method involves applying a warping function to the
received signal. If g is a function of x and the warping oper-
ator is h(x), the warped function Wg(x) is





g h xð Þð Þ: (19)
The warping function applied in our analysis of the signal
received by the buoy is







where r is the distance between the source and receiver, and c
is the sound speed in the water column. It has been shown that
the accuracy of the quantity r/c is not critical, and even an
approximate value is adequate.15 Any warped function can be





The estimation of the group speeds by processing the
received signal s(t) using the warping method is accom-
plished in the following stages:
(1) Use the warping operator to determine the warped signal
swarpedðtÞ.
(2) Perform Short-time Fourier Transform (STFT) of the
warped signal and obtain Swarpedðt; f Þ.
(3) In this time frequency representation, the modes are
resolved and well separated. Each mode can now be
filtered.
(4) Perform inverse STFT on the filtered warped mode and
obtain the warped mode mdwarpedðtÞ.
(5) Unwarp the function mdwarpedðtÞ to get mdðtÞ.
(6) Perform STFT of mdðtÞ to obtain the mode dispersion
curve for the modes.
Measurements of ocean temperature were made using
expendable bathythermograph (XBT) probes during the
course of the experiment. The temperature profiles from
XBT measurements together with the values of salinity
obtained from conductivity–temperature–depth (CTD) mea-
surements made during the narrowband experiment pro-
vided the information necessary to obtain the initial sound
speed profile for the water column at each location of the
XBT.
C. Analysis of data
The mode dispersion data estimated from the signals
acquired by the various MOMAX buoys distributed over the
area are now used to extract the acoustic characteristics of
the water column and the sediments. This involves estimat-
ing the following parameters:
(1) The sound speed profile of the water column,
(2) the compressional wave speed and density of the sedi-
ment layers and the terminating half space, and
(3) the total thickness of the sediment and the layering
information.
The quantities under items (1) and (2) above are deter-
mined using the inverse procedure outlined in Sec. II A. To
carry out these inversions information on the layering of the
sediment is required. The first step in the determination of
the layering is to estimate the total thickness of the sedi-
ment. In order to determine the total thickness of the sedi-
ment layer, we assumed different values for the sediment
thickness and for each of these values of sediment thickness
inversion for the compressional wave speed in the layer was
FIG. 2. The five regions into which the area is divided, and for which the
water column sound speed profiles and sediment compressional wave
speeds and density profiles are estimated. Dashed lines indicate source-
receiver paths together with waypoint numbers.
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made. For the other unknowns in the inversion, namely the
water column sound speed and density of the sediment
layer, approximate values were assumed. The water column
sound speed structure as determined during the experiment
showed a well-mixed water column with almost uniform
sound speed throughout the water column, and this value
was used in the inversions. Note that in using an approxi-
mate value for the density in the sediment layer, we were
guided by the fact that in earlier analyses of both broadband
data2 and narrowband data3 an approximate value of the
density of the sediment layers had been assumed, and com-
pressional wave speed profiles for the sediment layers were
estimated. This was possible because density values are less
sensitive to inversions for compressional wave speed. This
was the rationale for using an approximate value for density
in our procedure for estimating the sediment layering.
Further, in this inversion, qualitative regularization with
identified layer depths was not used. Instead, inversion with
regularization that provided a smooth solution for the vari-
ability of the compressional wave speed in the layer was
used.
For each assumed sediment layer thickness, the inver-
sion procedure produced a bottom model. The mean squared
error between the mode data as predicted by the inverted
model and the mode data used as input to the inversion was
computed. The layer thickness that yields the minimum
mean squared error is assumed to be the layer thickness of
the sediment layers. The left panel of Fig. 3 shows the com-
pressional wave speed profile as obtained in the inversion
for regions I and II. Figure 3 indicates the presence of three
layers: a low speed layer, a high speed layer, and a low
speed layer terminated by a half space. Similar results were
obtained in respect of regions III, IV, and V and, hence,
layering as composed of three layers was adopted for all of
the five regions. Having determined the total layer thickness
and the number of layers, the procedure for determining the
thickness of each layer was executed. Several combinations
of layer thicknesses for the three layers, with the total thick-
ness equal to the sediment thickness already estimated, were
assumed and inversions performed for the compressional
wave speed in the three layers using qualitative regulariza-
tion. For each combination of layer thicknesses, we deter-
mine the mean squared error between the modal values
predicted for the inverted model and the values used as input
to the inversion process. The layer thickness model that
yields the least mean squared error is chosen as the correct
solution.
The seabed in the New Jersey shelf has been studied by
a number of investigators.16,17 A large area of the shelf was
also surveyed by Compressed High-Intensity Radiated Pulse
(CHIRP) sonar and other means during the Shallow Water
Experiment 2006 (SW06).18 A dominant feature of sediment
structure as revealed by the survey is the “R” reflector. The
FIG. 3. (Color online) The left panel shows the inversion results for determining total layer thickness. This result is for regions I and II. The right panel
shows the variation in the magnitude of the inverse function used in the estimate of the variance for layers 22 and 23. The large reduction in the magnitude
of the inverse function results in much smaller variance estimates for the deeper layers.
FIG. 4. The inverted water column sound speed profiles (solid lines) for the
five regions, along with the initial background profiles (dotted lines).
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reflector is covered by different layers of sediment. These are
termed the diffuse outer layer and the inner layer unit. In some
areas, another layer, termed erose boundary, is sandwiched
between the layered units. In analyzing data collected during
the Shallow Water Experiment 2006, this bottom sediment
structure was used to interpret the results. Unfortunately, the
area covered by the MOMAX V experiment does not fall
within the area covered by the surveys. Extrapolating the data
from the survey indicates that the inner layered unit is just
beneath the ocean bottom, and the outer layer and erose
boundary are not present.19 The thickness of the inner layered
unit at the location of the MOMAX V experiment cannot be
estimated in the absence of survey data. The layering structure
of the sediments as estimated using the scheme described ear-
lier, however, shows a 6 m thick inner layered unit in all of the
five regions. The sediment layer thicknesses in the different
regions as estimated are 6 m, 14 m, and 9 m for regions I and
II, 6 m, 14 m, and 10 m for region III, and 6 m, 16 m, and 10 m
for regions IV and V.
The initial sound speed profiles used to invert for the
water column sound speed profiles were computed using the
temperatures vs depth values obtained from the XBT data
collected at locations close to waypoints 1, 4, 6, and 8 and
with the salinity value of 33.25 ppt. This value of salinity is
based on the spread of salinity values recorded by CTDs
deployed in the same general area during the narrowband
component of the experiment. While inverting for the sound
speed values in regions I and II, a mean profile based on
XBT values at waypoints 1 and 4 was used. In the case of
region III, the initial profile was based on the XBT data
from waypoint 6. In the case of regions IV and V, the initial
sound speed profile used for inversion was based on XBT
data from waypoint 8. The initial profiles and the inverted
profiles are shown in Fig. 4.
The sediment compressional wave speeds and densities
for the layers as determined by the inversion are listed in
Tables I and II. The values for the three layers are close to
one another for regions I, II, and III. In the case of regions
IV and V, we see that the compressional wave speed values
in the top two layers (layers 1 and 2 in Table I) are much
lower than the values for the top two layers in the other three
regions. This behavior indicates that the sediment properties
along the paths between source and receiver for waypoints
8, 9, and 10 are different from the sediment properties along
the paths from waypoints 1 to 7.
In the case of the inversions for the sound speed profiles
in the water column, the mean standard deviations in the
estimates of the sound speed (m/s) were 0.05, 0.03, 0.02,
0.035, and 0.02 for regions I, II, III, IV, and V, respectively.
The mean resolution lengths (m) of the water column sound
speed for the regions I, II, III, IV, and V are 2.36, 2.29, 1.66,
2.59, and 2.66, respectively. The deviation of the compres-
sional wave speed and the density in all of the five regions
are given in Tables III and IV. In order to obtain the data
covariance matrix, individual pings from the source to the
receiver were analyzed, and the mode travel times for the
modes at the various frequencies were estimated. The data
covariance matrix was estimated from the variability in the
modal travel time estimated for individual pings. The model
covariance matrix was estimated using Eq. (17). The stan-
dard deviation is the square root of the variance. Deviation
equal to one standard deviation averaged over the thickness
of each layer is the quantity in Tables III and IV. The devia-
tion for layer 3 is much smaller than at other depths with
respect to regions III, IV, and V. A possible cause for this
behavior is that inversions were accomplished with data
from only a reduced number of modes along one or more
paths from source to receiver. In some instances, the third
mode is not detectable in the lower frequencies and hence
not included in the inversion. The fourth mode is not identi-
fiable and hence not included in the inversion. As shown in
Eq. (17), the variance of the estimates is determined by the
structure of the quantity ðGTGÞ1GT : In the right panel of
Fig. 3 we plot the values of this quantity, corresponding to
















Region I 6 1549 14 1644 9 1604 1856
Region II 6 1594 14 1661 9 1609 1863
Region III 6 1579 14 1687 10 1624 1887
Region IV 6 1533 16 1638 10 1592 1870
Region V 6 1506 16 1623 10 1593 1872
















Region I 6 1.602 14 1.727 9 1.612 1.631
Region II 6 1.520 14 1.638 9 1.600 1.620
Region III 6 1.681 14 1.694 10 1.604 1.593
Region IV 6 1.786 16 1.704 10 1.596 1.695
Region V 6 1.549 16 1.708 10 1.597 1.697
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layers at depths 22 m and 23 m for region V. Notice that the
values are considerably lower in the case of the layer at a
depth of 23 m. This behavior is due to the diminished values
of the mode function for these layer depths, which causes
the considerable reduction in the estimate of the deviation.
The deviation values at these locations are not representative
of the true deviation in those sediment layers as the inversion
procedure had very little impact on the estimates at these
depths. It is also to be noted that in obtaining the deviation of
the inverted parameters no prior variance has been assumed,
and therefore the prior information does not constrain the solu-
tion. Tables III and IV also include values of resolution lengths
estimated using Eq. (18). Although Eq. (18) provides the reso-
lution length for each value of layer depth, these values were
averaged over the thickness of the layer and are provided in
Tables III and IV. We note that the resolution length has a
small value in layer 1 and increases with the layer depth. This
is because the mode function amplitude decays with depth,
and hence the inverse results are less stable, resulting in the
estimates being an average of values over a larger depth.
III. DISCUSSION OF RESULTS
A. Comparison of experimentally measured mode
dispersion with model predictions
Figure 5 shows the spectrogram of the signals at way-
points 1, 6, and 8 compared with the mode dispersion as pre-
dicted by the models obtained by the inverse. Figure 5
shows good agreement between the data and model predic-
tions based on the inverted model. Similar results were
obtained in respect of mode dispersion data at other
waypoints.
B. Comparison with other geoacoustic models
determined during the narrowband experiment
The broadband experiment considered here was one
component of MOMAX V. Another part consisted of a nar-
rowband experiment in which Continuous Waveform (CW)
tones at a set of frequencies were broadcast from a moving
source. Two freely drifting buoys (Shemp and Larry) were
deployed during this part of the experiment. The details of
the experiment are explained in Ref. 3, and the tracks of the
ship and the buoys are shown in Fig. 6. As seen in Fig. 6,
the narrowband experiment was conducted in the general
area covered by transmissions from waypoints 3 and 4. The
ship’s track during the narrowband experiment, for the most
part, lies in region II and is bounded by the source/receiver
paths from waypoints 3 and 4.
The bottom models obtained from the narrowband data3
and broadband data are compared in Table V. There are dif-
ferences in the compressional wave speed estimates between
those from the narrowband experiment and the broadband
experiment. Some of these differences are attributable to the
differences in layer thicknesses used in the inversions.
Further, in the inversions done with the broadband data, the
density of the sediment layers and the compressional wave
speed of the density in the half space were also included as
unknowns to be determined by the inversion. In the inver-
sions done on the narrowband data, the density of the sedi-
ment layers and the half space were set at preset values. The
same was the case with the compressional wave speed in the
half space. With respect to the differences in the estimates
for the third layer, the values from the broadband data are
generally more consistent with the model obtained using
data collected by Larry in the narrowband experiment but
are significantly different from the values obtained using the
Shemp data. To understand this discrepancy, we look at the
differences in the data collected by Shemp and Larry during
the narrowband experiment. The paths between the sources
and receivers in the cases of the narrowband and broadband
experiments are shown in Fig. 7. The ship’s path during
transmissions to Shemp and Larry are the same. The loca-
tions of the buoys are different, however, with Larry located
to the south of Shemp. It is likely that the differences in the
bottom models obtained from data collected by these two
buoys are the result of the areas covered by the transmis-
sions to these buoys. This suggests that the region to the
TABLE III. Compressional wave speed deviations (Dev) and resolution lengths (RL) in the sediment for the five regions.
Region I Region II Region III Region IV Region V
Layer Dev (m/s) RL (m) Dev (m/s) RL (m) Dev (m/s) RL (m) Dev (m/s) RL (m) Dev (m/s) RL (m)
1 12.70 1.017 13.28 1.049 14.08 1.085 8.156 1.097 4.921 1.144
2 4.74 2.764 6.22 2.673 12.83 2.851 12.557 4.242 14.90 4.599
3 7.12 5.455 6.69 5.302 3.01 5.838 1.453 7.411 1.82 7.524
TABLE IV. Density deviations (Dev) and resolution lengths (RL) in the sediment for the five regions.
Region I Region II Region III Region IV Region V
Layer Dev (gm/cc) RL (m) Dev (gm/cc) RL (m) Dev (gm/cc) RL (m) Dev (gm/cc) RL (m) Dev (gm/cc) RL (m)
1 0.0303 1.077 0.0228 1.104 0.115 1.084 0.065 1.15 0.038 1.11
2 0.0187 1.557 0.0098 1.488 0.074 1.625 0.011 2.798 0.005 3.00
3 0.0051 4.925 0.0037 4.742 0.019 6.285 0.003 16.127 0.002 15.49
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south of the areas covered by transmissions to Shemp have a
slightly different acoustic property, especially with respect
to the third layer. During the broadband experiment, the
data used for inversions of regions I and II are from trans-
missions from waypoints 1, 3, and 4. While the paths from
waypoints 1 and 3 cover areas to the south of the paths dur-
ing the narrowband experiment, the path from waypoint 4
covers an area to the north of the region covered in the nar-
rowband experiment. However, the inverted profile for the
sediment compressional wave speed for region II is similar
to that obtained from narrowband data collected by Larry.
This suggests that the inverted bottom model for region II is
representative of the sediment in areas south of the paths
covered during the narrowband experiment.
We now try to predict the pressure fields measured in the
narrowband experiment using the inverted bottom model for
region II from the broadband experiment. In computing the
pressure fields, all other parameters from the narrowband
experiment, such as the water column sound speed profile, the
range-dependent bottom depths, and the source and receiver
depths, were used. The only differences were the geoacoustic
parameters of the bottom. The pressure fields were computed
at four frequencies, i.e., 50 Hz, 75 Hz, 125 Hz, and 175 Hz,
using the normal mode code KRAKEN.20 These fields are
plotted against the fields measured by Shemp and Larry during
the experiment and are shown in Fig. 8.
With respect to the fields measured by Shemp and
Larry during the narrowband experiment, we note that the
agreement between the measured and predicted fields is bet-
ter for Larry. It is also seen that the bottom models based on
Larry data have a better agreement with the inverted profile
from the broadband data as seen in Table V. To further
assess agreement between the two results, we look at the
corresponding wavenumber spectra. In Fig. 9, the wavenum-
ber spectra obtained from the fields predicted by the broad-
band model are plotted against the wavenumber spectra
obtained from the fields measured during the narrowband
experiment. There is good agreement between the two in the
case of strong lower order modes. The differences are pro-
nounced in the case of higher order modes. This indicates
that the dominant interference pattern, which is due to the
lower order modes, will approximately be the same for both
FIG. 5. Spectrograms of data received by Curly for transmissions from
waypoints 1, 6, and 8. The mode dispersion curves estimated from the data
are overlaid. The circles in the plots indicate the mode travel time as pre-
dicted by the inverted bottom model.
FIG. 6. (Color online) The ship and Curly tracks during the broadband
experiment. The tracks of the ship and the buoys during the MOMAX V
narrowband experiment are also indicated.
TABLE V. Inverted bottom models for region II from narrowband (NB)














NB/Larry/SB795 1588 1702 1657 1850
NB/Shemp 1568 1705 1527 1850
BB/Curly/region II 1594 1661 1608 1863
FIG. 7. (Color online) The paths between the sources and receivers in the
cases of the narrowband and broadband experiments.
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cases. The differences in the wavenumber spectra of the
higher order modes will manifest themselves as differences
in the pressure fields that are superimposed upon the domi-
nant interference pattern. This behavior is also observed in
the plots shown in Fig. 8.
It is observed from Table I that the bottom models for
regions IV and V are largely different from the values for
other regions. Regions IV and V are located to the east of
the other regions and are likely to represent a different set of
bottom parameters. To verify the validity of these results,
we compare the bottom model for region IV with the bottom
model for an area close to AMCOR6010 in which the
Hudson Canyon experiment21 (cf. Fig. 6) was conducted in
1988. The bottom model obtained from the Hudson Canyon
experiment data and the bottom model for region IV are
compared in the left panel of Fig. 10.
Figure 10 also compares the field measured during the
experiment with the field predicted by the region IV model.
Figure 10 shows fairly good agreement between the fields
measured during the experiment and the field predicted by
the region IV bottom model, thus validating results of inver-
sion for the region.
C. Comparison with other bottom models
The sediment in the New Jersey shelf area can be classi-
fied as an amalgamation of sand, clay, sandy clay, and
mud.16,17 The compressional wave speed values, density
values, and their standard deviations for these types of sedi-
ments in the continental shelf areas are given in Table VI.22
The estimated compressional wave speed and density values
for all of the five regions in Tables I and II fall within the
range of values indicated in Table VI.
FIG. 8. (Color online) The pressure fields measured by buoys (Shemp and
Larry) during the narrowband experiment and the fields predicted by the
region II broadband model. The four plots in (a) compare the pressure fields
measured at four different frequencies by Shemp and the fields predicted by
the bottom model. The four plots in (b) compare the field measured by
Larry with the model predictions.
FIG. 9. (Color online) The wavenumber spectra obtained from the mea-
sured fields compared with the wavenumber spectra obtained from the pre-
dicted fields for Shemp (a) and Larry (b).
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The New Jersey shelf area has been the site of several
acoustic experiments. The compressional wave speed results
for the four experiments that took place in the general area
of the SW06 experiment are summarized in Ref. 3 and
reproduced here in Table VII. The locations of the experi-
ments referred to in Table VII are shown in Fig. 11. The
inner layered unit, the layer below the R reflector, and the
deep low speed layer in Table VII correspond to layers 1–3
in Tables I and II, where estimates from the analysis of
MOMAX V broadband data are tabulated. The values of the
sediment compressional wave speeds for each sediment unit
estimated using MOMAX V data are in general agreement
with the compressional wave speed values as indicated in
Ref. 3 and the speeds estimated during the SW06 experi-
ment.2,10,23–25 Differences present in the estimated values
from different experiments may be attributed to spatial vari-
ability within each unit, the parameterization of the
inversion technique, as well as the frequency band used in
obtaining the results. The bottom models obtained in earlier
SW06 experiments do not indicate the presence of a low
speed layer below the R reflector, as is the case with the
models from the MOMAX V experiment. However, analysis
of data acquired near the AMCOR6010 site during an exper-
iment in 1988 (Hudson Canyon experiment)26,27 produced a
bottom model with a low speed layer below the reflector.
The data analyzed in this case were collected on transmis-
sions along a long range-dependent track and are different
from data analyzed in Ref. 21.
In the case of experiments conducted during SW06,
only two experiments estimated the density values from
experimental data. In other cases, the values were assumed
based on some archival data or, in one case, based on poros-
ity data. In the case of experiments that estimate the density
values from the experimental data, there is general agree-
ment between these estimated values and those predicted by
MOMAX V.
IV. CONCLUSION
In this paper, broadband data obtained during the
MOMAX V experiment are processed and the data are
inverted to simultaneously estimate the 3D compressional
wave speed and density profiles of the seabed and sound
speed profiles in the water column. The experimental data
were acquired on a set of freely drifting, GPS-navigated
buoys and a nearly stationary, low-frequency (50–300 Hz)
FIG. 10. The left panel shows the bottom model from the Hudson Canyon
experiment (cf. Fig. 6) and the bottom model for region IV. The right panel
shows the field measured during the experiment and the field predicted by
the region IV bottom model.











Sand (fine) 1749 11 1.941 0.023
Sandy silt 1652 12 1.771 0.033
Clayey silt 1549 4 1.488 0.016
Sand-silt-clay 1579 8 1.596 0.022
TABLE VII. Summary of previous results of compressional wave speed values (m/s) and density (gm/cc). Results of the broadband experiment are indicated
by BB. (Values of density marked with “*” were assumed values and not estimated from data; values marked with “#” were calculated from porosity values
from AMCOR6010 data. Density estimates with no marking were estimated from experimental data.)




















Ballard et al. (Ref. 10) 125–175 1670 6 12 1580 6 19 1725 6 15 1.9* 1.9*
Rajan and Becker (Ref. 2) 30–120 1660–1680 1510–1650 1650–1850 1.6* 1.6*
Jiang and Chapman (Ref. 23) 50–1000 1636 6 15 1572 6 15 1740640 1.68 1.68
Knobles et al. (Refs. 24, 25) 35–265 1650–1700 1580–1595 1720 1.83 1.93
Cederberg et al. (Ref. 26)
Cederberg et al. (Ref. 27)
50–75 1560–1640 1510–1550 1770–1790 1670 1.9# 2.1# 2.2#
BB/region I 50–110 1569 1644 1604 1.602 1.727 1.612
BB/region II 50–110 1594 1661 1609 1.520 1.638 1.600
BB/region III 50–110 1579 1687 1624 1.681 1.694 1.604
BB/region IV 50–110 1533 1638 1592 1.786 1.704 1.596
BB/region V 50–110 1506 1623 1593 1.549 1.708 1.597
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sound source at a set of fixed locations. Bottom models for
sediment properties over a wide geographical area were esti-
mated using a linearized inversion method. The results are
validated by comparing them with the bottom models
obtained from the narrowband data acquired during the
same experiment. Further validation was done by comparing
the pressure fields computed using the broadband bottom
models with the fields measured during the narrowband
experiment. Also, the bottom models from the broadband
experiment were compared with models obtained from other
experiments conducted in the general area, and it was shown
that the models are consistent with one another. This inver-
sion method comes with its known limitations such as use of
some prior information on the parameters being estimated
so that a linear inversion results in acceptable values for the
unknown parameters. The estimation of uncertainties of the
parameters is also limited by the procedure used.
Nevertheless, the results from the linearized inversion tech-
nique presented here show that the broadband data collected
by a distributed network of buoys can be used to obtain rea-
sonable estimates of both the 3D water column and sediment
properties over a wide area.
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FIG. 11. (Color online) Locations of the experiments listed in Table VII.
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